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Introduction

Thepressurdield generatedrom anacousticsourceis dependentn severalparametersthe geometryof the
watercolumn,source andrecever, aswell astheernvironmentalparametersf thepropagatiormedium.Included
in thesearethe bathymetrysedimentayerdensity andthe speedof soundin thewatercolumn.

Given a randomsoundspeedprofile, ¢(z), andits probabilisticdistribution, p.(c), one could calculatethe
probabilisticdistribution of the pressurdield p, (p) attherecever. This papertakesonethroughthe stepsof this
calculation,giving an analyticalresult. A finite differenceparabolicequation(FD-PE)approachis takento cal-
culatingthe acoustigressurdield; the probabilisticdistribution calculatecherewould be valid only in situations
wherethe FD-PEmodelis valid.

Background

We startwith the derivation providedin Chapteré of ComputationalDceanAcoustics,by Jenseretal. This,
in turn, recountghe derivationmadeby Tappertin 1977.We startwith the Helmholtzequation,
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wherep(r, z) is the acousticpressuresvaluatedat ranger anddepthz, ky = w/c is areferencevavenumbey
andn(r, z) = co/c(r, 2) is theindex of refraction.
Onecandidatesolutionfor this equationwould be the Hankel function Hél) (kor) multiplied by anervelope
function,(r, z),

p(r, 2) = (r, 2) H" (kor) @
TheHankel functionsatisfiegshe Besseldifferentialequation,
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andits asymptotidorm canbe substitutedor large kor,
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Substitutionof thetrial solution(Equation2) into the Helmholtzequation(Equationl) gives
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Next, substitutethe asymptoticHankel functionsolution(Equatiord) to yield
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Thefinal stepin Tapperts derivationis to usea smallangleparaxialapproximationwhich assumes
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andallows oneto dropthe Y termto arrive atthe standarcparabolicwave equation,
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This solution lendsitself to straightforward analytic expressiongor simple ervironments. Unfortunately
the small angleapproximationlimits the effectivenessof the parabolicwave equationto pressurdields which
propagatdan a sectorl0-15degreesfrom the horizontalaxis. For long range,deepwateracousticsmostlow
frequeng acousticthe enegy propagatesn the SOFAR channel,which is within this sector Unfortunately
shorterrange,shallov wateracousticpropagatiorresultsin significantenegy distributed outsideof the small
anglesector
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Figurel: Plot of finite differencecell (from Jenseretal.)

For complicatecernvironmentswvhich do notlendthemselesto simpleanalyticalexpressionsafinite element
or finite differenceapproachmay be warranted. Onedividesthe watercolumnup into a (r, z) grid, iteratively
solvingfor the pressurdield in rangeanddepth. By makingthe grid spacing(Ar, Az) small,onecancalculate
accuratesolutionsto the parabolicwave equation(seeFigurel).

With thefinite differenceapproachpneneednotmakethesmallangleassumptiomusedn Equation8. Starting
againwith thefarfield HelmholtzEquation,
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and applyingthe boundaryconditionsat an arbitrary grid boundarypomt zp that (1) the pressureand(2) the
verticalderivative of thefieldswill be equalatthis boundarypoint,
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Y1(r,zB) = a(r,zB) (10)
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For thefirst medium(1), onecanperforma Taylor seriesexpansionof ¢, , aroundy;™,
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Solvingfor the secondderivative of ¢ with respecto z,
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andsubstitutingbackinto Equation9 resultsin
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A similar equationcanbe constructedor medium2. Equatingthetwo, settingy; = 2 = 9 andsatisfyingthe
secondboundarycondition,Equation11, oneobtains,
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As theequationdecomemorecomple, it is helpful to make useof additionalvariablesubstitutionsConsider:
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This allows oneto compactlyexpressEquationl5 as
0% s
62+2k08 + Gy =0. (19)

SettingG = k2(Q? — 1) andusingthegeneralizedperatorgdescribedn Section6.2.2o0f ComputationaDcean
Acoustics,onederives
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whichis thegeneralizegarabolicwave equationvalid on horizontalsurfaces.

Continuingalongthe derivationsuppliedin Section6.6.2of ComputationalDceanAcoustics the differential
equationshovn above canbe solved usingthe Crank-Nicholsorfinite differenceschemeasoutlinedby Lee and
McDanielin 1988.Assuming
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onecanrearrangaermsto obtainaniterative equation
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andapplyarationalfunctionapproximatiorof the squareroot operator,/1 + ¢,

,/1+q:w, (23)
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whichyields
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Next, assumehatbg + by (n +

F,;; ) is constanfaicrossAr, to obtain
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Oneuseghefollowing shorthandotationto furthersimplify the expression:

wi = bo+ FOAT b (26)
wi = bo— FOAT by 27)
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wy = bl—ikOAr(al—bl), (29)

finally yielding
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Rearranginderms,onecanwrite thisin vectorform as
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b= ot [ (0 ) GO [y )] (32)
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Equations31 through 34 representhe startingpoint for the derived distributions. Marchedthroughrange
anddepth,they expressthe pressurdield envelopey asafunctionof therefractive index, n. Thisrepresentshe
lastof thebackgroundnaterialfrom ComputationaDceanAcoustics.We now proceedwith deriveddistributions.

Derived Distributions

Beforeproceedindurther, it is usefulto review the conceptf deriveddistributions. Givenarandomvariable
z, with probability densityfunction (PDF) p,.(x), anda functiony = g(z), onewishesto find the probability
densityfunctionp, (y) of y.

From Section5-2 of Papoulis,onemustfirst expressz asa functionof y. If the functionis not one-to-one,
onemustaccounfor all possiblerootsof z,

y=g(@1)="--=g(zn) (35)
andthenthe PDFof y canbe calculatedrom

Pz (21) et pz(2n) (36)
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A few exampleswill illustratethe concept.



e y = ax + b: Here,a andb arescalardeterministicvariables Assumingy = g(z), z is uniquelydetermined
by y, andvice-versa.

a Ox
Applicationof Equation36 yields:
1 y—>
=—p (T—). 38
m@)|ﬂm( a) (38)
o y= ‘;—2: a, b arescalardeterministicvariables x cantake two valuesgivena patrticulary,
a a
T =——— To = +— (39)
1 \/g 2 \/Zj
6y 2 3 8y 2 3
o - = —= 40
0z |,_,. ¥ 0z |,_,, a (40)
Substitutionof Equation36 resultsin:
a a a a
= o (<) T () 2

For acasewheretherearetwo randomvariables(z, y) andtwo functionsof thesetwo randomvariablespone
canderive anew joint distribution basedn theirjoint PDF p,, (z, y). FromPapoulis,given

z=g(z,y) w=h(=z,y), (42)

onesolvesfor z andy in termsof z andw. If therelationshipbetweerthetwo pairsof variabless notone-to-one,
all possibleroots(zy,, y,) shouldbe consideredThejoint distribution p,,,(z, w) canbeexpresseds

pzy(xla yl) DPzy (xna yn)
Pow(z,w) = T I Ly DI (43)
&) = i or, )] (@)
whereJ(z, y) is the Jacobiaroperator
0z 0z or Oz |7
dr  dy 0z Ow
J(z,y) = = : (44)
ow 0w dy Oy
or Oy 0z Ow
An examplewill helpillustratetheprocedure.
e Givenp,,(z,y), andthetwo functions
z=ax+by+c w=2x (45)
onewishesto solve for p,,, (z, w). Theequationsareone-to-onewith resultinginverses,
1
T =w yzz(z—aw—c). (46)
TheJacobiarcanbeeasilyevaluatedas J(z,y) = —b; theseresultin a deriveddistribution of
1 1
Pew(z,w) = 3P (w, 5 [z — aw — c]) 47)



e Givenp,,(z,y), andthetwo functions

z=ay+bz ty+cz! w=zx (48)

onenotesthe equationsareone-to-oneresultingin a singlesetof inverseequations,

1

Z—cw~
= =—. 49
r=w Y=% + bw—1 (49)
Onecanthensolve for the Jacobian,
% = —br %y —cx 2 % =a+bz ! - L -
Y with  J(z,y) = ‘ —hr Ty —crt o atbe (50)
dw _ ow _ ! 0
oxr oy
J(z,y) = |a + ba:*1| . (51)
Thusthederiveddistribution becomes
-1
Pay (w0, 27525 )
- 52
Paw(2,w) la+ bw 1| (52)
e Givenp,,(z,y), andthetwo independentunctions,
z = a’z 2 w = a’y~ 2, (53)
solvefor p,.,(z,w). Theseequationsarenot one-to-onewith four differentrootsas
a a
=+ =+— 54

andthe Jacobiarevaluatedo be J(z,y) = 4a*z—3y~3, resultingin

(&) ()

o) o) oo () o ()] 0

With this backgroundnformationit is possibleto derive the PDF of the outputpressurdield, p,(p), giventhe
PDF of theinput soundvelocity profile p.(¢), in thetrivial isovelocity case.

1
pr(Z,UJ) = m

Trivial I sovelocity Case

In this simplified casethe ervironmentis takento berange-independent; , p» areconstantsasis thesound
speed¢ = ¢; = ¢z andn = n; = ny. Thetop andbottompressureervelopes™ , andyy}, areknown and
constanfor all r (andm). Oneassumesheinitial field ervelope? andits distribution, py, (1) is known, and
is independenof the soundspeedistribution, p.(c).

Startingwith the input soundvelocity PDF p.(c) onewishesto find the PDF for the outputpressurep ata
pointin the middle of the watercolumn.

Thefirst stepis to expressthe PDF of therefractve index, p, (n), asafunctionof p.(c). Therefractveindex
is relatedto the soundspeedoy:
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n? = c—g (56)
with ¢y areferencesoundspeed Using Equation41, with n? in placeof y, ¢y asa, andc asz,
2 Co Co Co
n2(n®) = ——= [pe | ——= | +p. | +—= ) | - 57
pre (1) 2 (n2)? [p ( \/7?) P ( \/1?)] il
Recallingequations31through34, we will assumer; = n, = n, andrewrite Equation32 as
p1+ p2 [k3(Az)? (wi‘> 1, Kks(Az)? [ 2 PL [ 2 ]
u = L)+ 2 (-1 + = (n2 -1
P2 I 9 w; ] 2 ( 1 ) P2 ( 2 )
_ pLtpe [ k3(Az)? (w_f) _ 1- n kg (Az)? [<1+ &) (n? - 1)]
p2 | 2 w; ] 2 p2
1.2 A 2 * b 2 A 2 2 A 2
_ Ptpe k3 (Az) (w_i) _1 _ kg(Az) (1+P_1> +k0( z) n2 (58)
p2 L 2 Wo 2 P2 2
Substituting
2 2
o = ko(gﬂ (59)
g = p1+p2 [kg(Az)2 (w_}‘) 3 1] B k2 (Az)? <1+ p_1> (60)
p2 2 w3 2 p2
yields
u=an’>+f (61)

Applicationof Equation38 gives

1 u—p
pu(u) = apnz( - )
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A similar PDFcanbe constructedor 4 by substitutingw; for wj andw, for wj. However, thisresultsin two
correlatedvariablesin Equation31, increasinghe complexity uneccessarilylnsteadit is betterto rewrite 4 in
termsof . Assuming:

) 2 2 * 2 2
P2 2 Wy 2 p2
) 2 2 2 2
p2 2 w2 2 p2
with
u = an®*+p (65)
i@ = an®+5 (66)
A = B-8 (67)
o]
u=u+Ap (68)
Rewriting Equation31 to take advantageof Af,
S vy
[1,u,v] lm+1 =r [Lu+ AB0 | Y™ |, (69)
ey > Vit
andisolatingthe unkncwnsd;lerl andu,
m w2 m 1 fw m m m m m
W= Gt {w— [ + DB + i) = 9 - v«ml}
= w_;% + EA/B% + " {w_; [y +vita] — [t + U¢Z+J1rl]} (70)
Substitutingthe variables
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Wy
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w m m m m
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into Equation70 gives
m+1 m 1 m 1
Applicationof Equation52 yieldsthe deriveddistribution
m Yt eyt
I Pu,ym (Uﬂ/’z ) (U; W) 25
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Onceonereacheshedesiredranger (iterationm), onecancalculatethe mamginal distribution of zplm“,
1 e 1
ppr @) = [ by ) (76)

The final stepexpresseghe complex pressurdield, p asa function of the envelope,. Usingthe farfield
Hanlkel approximation,



p(r,2) = L2 githor—1) (77)

N

with Equation38 gives

Pp(p) = VT X py (\/Fe‘“’“”‘%)p) : (78)
Two speed case

The logical extensionto the isovelocity caseis one wherethe soundspeeds:; andc, differ. To modelthe
effect on the pressurdield ervelopey]*, onewould needto know thejoint PDF of the two soundspeedayers,
Peres(C1,€2).

The first stepwould be to calculatethe joint PDF of py,n,(n?,n3) in termsof p.,.,(c1,c2). Recallthe
relationshipbetweem? andc is n? = (co/c)?, wherec, is a known referencesoundspeed.Using Equation55
with a = co,x = 1,y = 2,2 = n?, andw = n3, onecalculates:

cg 1
pnlnz(n%ang) = ZO 5 o3

(nin3)?

X

Co Co €o Co
Pcics _—’E’_—'n_% + Peics _—,n_%’—/%
Co Co Co Co
+p61€2 (\/’I’L_%,_\/E> +pc162 (\/71_%7 \/TT%)] . (79)

Integratingthis with theisovelocity derivation,thenext stepis to find the PDFp,, (u) in termsof thejoint PDF
Pnins (1, n2). Startingwith Equation32, andisolatingu, n; andns,

L e [kS(AzV (w_) . 1] ey [m‘;’ P (e 1)]

p2 2 w3 P2
2 2 * 2 2 2 2
_ Prtp [ko(Az) (w_i _ ) _ 1] n kg (Az) n? 4+ ky(Az) p—lng (80)
P2 2 w; 2 2 p
Setting
2 A 2
o = fol2) 2z) (81)
2 A 2
0 = B2 p (82)
2 P2
2 2 *
P2 2 )
onecanrewrite Equation80 as
u=an} + asni + B. (84)
Applicationof Equationd7 with a = a1, b = az, ¢ = 3,z = n?,y = n2, andz = u, onefinds
2 1 2 2 2 1 2
DPun, (ua nl) = —Pnins (n17 TL2) Ny, — [u —ain; — ﬂ] - (85)
(07 Qo

Themaminal distribution p,, (u) canbe calculatedy integratingwith respecto n2,
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Pu(u) = 1 / Dun, (4,q) (q, a%,[“ —aq— ﬁ]) dq. (86)

a2 J_ oo

The derivation would follow the isovelocity case,continuingwith Equation67, except 3 andﬁ would be
definedas

p o= bte {k‘%(Az)Q (ﬂ —1> —1] 87)
p2 2 w3

j o= te {’“S(AZ)Q (ﬂ_1> _1]. (88)
p2 2 wa

N mesh points

Increasinghe numberof verticalmeshpointsallows oneto improve the resolutionandaccurag of boththe
simulatedpressurdield andthe derivedstatistics.
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Figure3: Plot of finite differencecellsfor 5 meshpoints.

Figure3 illustratesthe N vertical meshpoint casewith five points. Thefirst row of points,{”, is assumed
deterministicand known. This representghe air-water boundary Additionally, the ervironmentis assumed
range-independenthe statisticsof ¢; do not vary with range. Density pl is assumedknown anddeterministic.
The environmentcanbe any numberof meshpoints;it is limited to five herefor brevity.

With the parabolicequationmethod,onestepsthroughrange,solving for the pressurdield envelopeat each
meshpoint. Solvingfor the PDFis similar; onerecursvely derivesthejoint PDFfor eachrangeanddepthpoint,
marchingn range.Everyattemptwasmadeto keeptheresultingexpressionsissimpleaspossible Unfortunately
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therecursve natureof the solutiondoesnotlenditself to a closedform expressionlnstead usingtheseequations
to numericallyevaluatethe PDFis recommended.
We startassuminghejoint PDF of the soundspeedorofile, p.(c) is known. Oneusestherelationship
2
C
v = nl2 = —g (89)
G

to calculatethejoint PDFof p, (v). Usingtheformulafor deriveddistribution,

_ Dc (c)
P = p@r

onemustcalculatetherootsof Equation89 andthe Jacobiare. Therootscanbecalculatedor eachelemeniof v
as:

(90)

Co
q=+— 91
N (91)
The + termis problematicasit shows the relationshipbetweerthe two equationds not one-to-one Rather
onemustincludebothtermswhenexpressinghedistribution. Takingthe Jacobiarfirst,

0 0
“ L —2coc; 0
J(c) = =
0 -2

v o o

601 aCL
L

= (200)" [[&® (92)

=1

Substitutionof Equation91, andtakingthe magnitudeof theresultgives

| | — 2L —2L HV3/2- (93)

Evaluationof Equation90 requiressummatiorover 2~ terms,

2L

=3 QLCOZ;‘E")I - (94)
:|:1/1_1/2
where: Y,, = co X : )
:|:I/£1/2

andthesignof eachelementn Y, is determinedy thebinaryvalueof m, with eachbinarydigit assignedo its
correspondinglementof Y,

Thesecondstepis to solve for thejoint PDF of p, (u) givenp, (v). Recall

2 2 * 2 2
u = pi-1tp {kO(Az) (w_i) _ 1] + ky(Az) [(Vl -1+ Pi-1 (v — 1) (95)
L 2 Wy 2 pi
canbeexpresse@s
w=av1+ By +v (96)
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with theappropriatesubstitutionslUsingthe deriveddistribution approactoutlinedabove, the Jacobiarevaluates
as

L
J(w) =[] 97)
=1
Inversionof Equation95 to solve for therootsof v; gives
1
v =—[w—ay_1—]. (98)
B

This equatiorrequiresonesolvesfor v, recursvely. Onecanassumey, is aknown deterministicvalue. With this
information,onecanexpressthe PDFof p,(u) as

pu(u) = PO (99)

‘Hlel Bi

with the elementof v determinedy Equation98.

With thePDFof u, onecancalculatetheiterative PDFfor thepressurdield en/elojpe,\ll. Onestartsassuming
thejoint PDF for the previous rangestepis known. Letting @™ = [I7®7 ... ¥7]" andu = [uguy - --uz)’,
onecanassumehejoint PDF of thesetwo randomvectorsis known: py, (¥, u). At thesourcethe PDFof u
and¥% areassumedo beindependentthis resultsin their initial joint PDFto be

pwu (20, 1) = py (¥0)p, (u). (100)

Calculationof the pressurdield envelopevector ™! is performedby solving the systemof tridiagonal
matrices,

[ up v 11 » 1
1 us v L)
1 us v U3
1 wup_o wvp_»o Y2
1 ur—1 vp— Yr—1
L 1 ur | (3
i 'lALl 1 1T ’(/)1 1m
1 ﬁz V2 ’(/)2
1 43 ws 3
=¢ ' : ) (101)
1 dpo wvpo Yo
1 dr1 vp— Yr-1
i 1 ar | | YL
where:
§ = w—i (102)
Wy
'ﬂl = ul—Aul (103)
2 A 2 *
Ay = Poitek(82) [ﬂ_ﬂ] (104)
Pl 2 wy W2
and v = P27L (105)
P
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Evaluationof thetridiagonalsystemis straightforvard. As thetop layers+" is assumednown, subsequent

layers, startingwith ¢7*** canbe calculated,

u 0
gt = Myt Dym ey (106)
U1 U1
) .
gt = Lype By S By g (107)
2 () (%] V2
mtl - —— mtl _3¢;n+1 + 2y 4 §_3¢3 + &7 (108)
3 V3 U3 U3
' 1 uj_ é‘ 1/)/ _
YT = g - S g, T (109)
1—1 Vi—1 V-1 UVi—1

With this informationa deriveddistribution canbe calculated.The setof equationsanbeexpressedn using
partitionedvectors,

y =g(x) (110)
with ™ = [y - --y7]T,
m+1 m
yz[‘l’u ] and x:['l; ] (111)
andg(x) utilizesEquationsl06through109. Thederiveddistribution takesthe form:
Pz (X)
py(y) = (112)
YY) =176
whereJ(x) is the Jacobiaroperatorevaluatedas
oxq ox,,
J(x) = : L. (113)
ox1 ox,,

To evaluatethe deriveddistribution, onemustsolve both Equation113andx = g~!(y) for Equation112.In
theexample5 meshpoint casethe Jacobiarcanbe expresseds
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6¢£n+1 6¢;n+1 6¢£n+1 8¢;n+1 8¢;n+1 8¢;n+1 6,¢;n+1 6¢;n+1 6¢;ﬂ+1
oy oy oy oY Ouy Ous Ous Ouy Ous
ougtt ougtt oyt gurtt oyt gyt autt gyttt aygt!
6’(,[)5” 3’(/%” 6’(/12” 8¢g" 8u1 8U2 6’LL3 6U4 6U5
Yyt Ayt oyt Ayt Ayttt oyt gyt oyttt oyt
87#5” 61,&&"‘ 6'(#2” (9’ngn 6u1 6u2 (9U3 (9114 aU5
QU ouptt ourtt agptt auptt ougttt gyttt ayptt oypt!
oy oy oYy oY Ouy Ous Ous Ouy Ous
U ) R R 7 R P
u o oy o oy Ouy Ous Ous Ouy Ous
Oup — Ouy  Ouy  Ou  Oup  Dwp Ouy  Ouy Ou,
oYy oy oYy oY Ouy Ous Ous Ouy Ous
dus  ous  Ous  Dus  dus Du w Dw du
oy oy oYy oY Ouy Ous Ous Ouy Ous
Ous  Ow Ow du o du Du Du u D
61#5” 6¢§n 6¢Zn 8¢g" OU4 Bug 6U3 6114 6U5
Ou  Ous  Ous  OQus  Ous  Ous  Ous  Ous  Ous
oYy oy oYy oY Ouy Ous Ous Ouy Ous
(114)
which evaluatesas
¢ 0 0 0 &G 0 0 0 O
2 ¢ 0 00 G 0 0 0
(%]
¢ U3
= &= ¢ 0 0 0 ¢ 0 0
V3 V3
& (o
0 = &— & 0 0 0 ¢ O
o™ (2 Vg
(7)) e
u 0 0 0 01 0 0 0 O
0 0 0 00 1 0 0O
0 0 0 00 0 1 0O
0 0 0 00 0 O 1 o0
0 0 0 00 0 0 0 1
1 m+1 5 m
where: G = —"T + =" (116)
V[ (]
Onecandivide the matrix up to solve for its determinantusingtheidentity
IX| = det[X11 — X12X5, Xo1] det[Xx] (117)
X Xi2
X= 118
[le Xzz] (118)
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&0 0 07 ] )
G 0 0 0 0
U
&, & 00 0 G 0 0 0
Xu = . X =
3 U3
= — 0 0 0 0
v o &0 Gs (119)
0 £ ¢l | 0 0 0 & O
L V4 V4 h
Xo1 =0 Xop =1

Thedeterminanbf triangularmatrix Xy is the productof its diagonalelementsin this example the determinant
evaluatedo £*. For themoregenerakasewith L meshpoints,onefinds

(7]

Solving Equation113andx = g~'(y) requiresoneto expressy™ in termsof zpm“ usingthe tridiagonal
systemof Equation101:

g = e Syt 4 §¢m+1 ol (121)
mo m+1 m+1 m+1 _ mo__ @ m
Yyt = §U w &}2 + £¢ 21/}1 s (0 (122)
mo__ m+1 m+1 m+1 i mo__ % m
(A s w &}3 + £¢ T (1 Vs V3 (123)
. 1 _
e M o G R f«pm“——«/}l Q—M«/}l . (124)

With this information,arecursve expressiorcanbe establishedor thederivedjoint PDFE

Giventhejoint PDF py., (¥™,u), onecansolve for thejoint PDF pg (™!, u):

1
pq;u(\I’erl’ u) = WP\IJU(Q’ u), (125)
where® is a columnvectorwith entries2 < [ < L which satisfy
ful m+1 + €¢m+l _ ﬂlﬁin forl -9
v
¢ = 1 " 1 4 (126)
Pt ALyt | Sy g ~ o rd 2<I<L
Eupq fvp_g ! et v

Themaminal PDF pg (¥) canbesolvedby integratingacrossu:

:/:../Zp\pu(\p,u) du. (127)

The relationsgiven in this documentallows oneto calculatethe joint PDF of the pressurdfield ernvelope,
pw () atary rangeanddepth,givenarangeindependenérvironmentanda depthvarying,randomsoundspeed

Computational Complexity
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profile ¢ with PDF, p.(c). The simplicity of the FD/FE approachandthe resultingequationshide the computa-
tional compleity requiredin evaluation.

Considethedimensionalityof pgw (¥, u). If oneusesL meshpoints,thePDFwouldhave2L—1 dimensions.
One objective of solving for pg () is to calculatethe its covariancematrix, Ag. The covariancematrix has
L(L-1)/2 uniqueentries gachof which mustbederivedfrom amarginaljoint PDFE Onewould needto integrate
poa(P,u) 2L — 3 timesto yield themaminal joint PDF, andthenintegratetwice moreto evaluatethe covariance
matrix entry. To fill Ay would requireL(L — 1)(2L — 1)/2 integrations.Assumingeachintegrationacrossthe
PDFspaceequiresvaluatingpe. (¥, u) at L differentpoints,thetotal numberof timesthesesxpressionsvould
be evaluatedwould approachZ*. For anervironmentrequiring500 meshpointsanda computationaplatform
which canevaluatethe PDF 100,000timeseachsecondthis would amountto over 170 hoursof CPUtime.

Stepscan be taken to reducethe overall compleity. For example,one could assumehe PDF of v were
jointly Gaussian.The relationshipbetweenv andu is linear, which would also be Gaussian. Unfortunately
Equations106 through109, which relate ¥ to u arenonlinear sincey andu aremultiplied togetherin several
terms. Thusthe outputy cannotexplicitly be called Gaussian.As range(andm) increasesthe CentralLimit
Theoremwould likely take a role, makingthefinal ervelopestatisticspy (¥) Gaussiann nature.Givencurrent
computationatapabilitiesjt would be beneficialto investigatehow the secondnomentsof ¥ propagatehrough
range ratherthanits entirePDFE
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