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Introduction

Thepressurefield generatedfrom anacousticsourceis dependenton severalparameters:thegeometryof the
watercolumn,source,andreceiver, aswell astheenvironmentalparametersof thepropagationmedium.Included
in thesearethebathymetry, sedimentlayerdensity, andthespeedof soundin thewatercolumn.

Given a randomsoundspeedprofile, � �
��	 , and its probabilisticdistribution, ��� � � 	 , onecould calculatethe
probabilisticdistributionof thepressurefield ��� � � 	 at thereceiver. This papertakesonethroughthestepsof this
calculation,giving ananalyticalresult. A finite differenceparabolicequation(FD-PE)approachis takento cal-
culatingtheacousticpressurefield; theprobabilisticdistributioncalculatedherewouldbevalid only in situations
wheretheFD-PEmodelis valid.

Background

We startwith thederivationprovidedin Chapter6 of ComputationalOceanAcoustics,by Jensenet al. This,
in turn, recountsthederivationmadeby Tappertin 1977.We startwith theHelmholtzequation,��� ���� ��� �� � ���� � ��� �� � ����� ���� � �! #" � (1)

where� � � ���$	 is the acousticpressureevaluatedat range
�

anddepth � , � �  &%('�� � is a referencewavenumber,
and � � � �)��	  #� � '�� � � �)��	 is theindex of refraction.

Onecandidatesolutionfor this equationwould betheHankel function *,+.-0/� � � � � 	 multiplied by anenvelope
function, 1 � � ���$	 , � � � ���$	  21 � � ���$	 *,+.-0/� � � � � 	 (2)

TheHankel functionsatisfiestheBesseldifferentialequation,� � * +.-0/� � � � � 	��� � � �� � * +.-0/� � � � � 	��� �3� �� *,+.-0/� � � � � 	  #" � (3)

andits asymptoticform canbesubstitutedfor large � � � ,* +.-0/� � � � � 	5476 89 � � �;:=< +?>A@)B=CED F
/AG (4)

Substitutionof thetrial solution(Equation2) into theHelmholtzequation(Equation1) gives� � 1�H� �I�KJ 8* +.-0/� � � � � 	 � *,+.-0/� � � � � 	��� � ��;L � 1�H� � � � 1� � �M��� �� � � �ON � 	 13 P" G (5)

Next, substitutetheasymptoticHankel functionsolution(Equation4) to yield��� 1��� �I� 8RQ � � � 1��� � ��� 1� � �S�3� �� � � � N � 	 13 #" G (6)

Thefinal stepin Tappert’sderivationis to usea smallangleparaxialapproximation,whichassumes� � 1�H� �UT 8RQ � � � 1��� � (7)

andallowsoneto dropthe VXW�YV B W termto arriveat thestandardparabolicwaveequation,8�Q � � � 1�H� � ��� 1� � �M��� �� � � � N � 	 13 2" G (8)
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This solution lendsitself to straightforward analytic expressionsfor simple environments. Unfortunately,
the small angleapproximationlimits the effectivenessof the parabolicwave equationto pressurefields which
propagatein a sector10-15degreesfrom the horizontalaxis. For long range,deepwateracoustics,most low
frequency acousticthe energy propagatesin the SOFAR channel,which is within this sector. Unfortunately,
shorterrange,shallow wateracousticpropagationresultsin significantenergy distributedoutsideof the small
anglesector.

Figure1: Plotof finite differencecell (from Jensenet al.)

For complicatedenvironmentswhichdonot lendthemselvesto simpleanalyticalexpressions,afinite element
or finite differenceapproachmay be warranted.Onedividesthe watercolumnup into a � � �)��	 grid, iteratively
solvingfor thepressurefield in rangeanddepth.By makingthegrid spacing�[Z � ��Z���	 small,onecancalculate
accuratesolutionsto theparabolicwaveequation(seeFigure1).

With thefinite differenceapproach,oneneednotmakethesmallangleassumptionusedin Equation8. Starting
againwith thefarfield HelmholtzEquation,� � 1��� � � 8RQ � � � 1��� �3� �� � � � N � 	 1 � � � 1� � �  #" � (9)

andapplyingthe boundaryconditionsat an arbitrarygrid boundarypoint �]\ that (1) the pressure,and(2) the
verticalderivativeof thefieldswill beequalat this boundarypoint,1 - � � �)�]\E	  1 � � � �)�]\E	 (10)�^ - � 1 -� �2____ `Aa;`)b  �^ - � 1 �� �P____ `Aa;`�b (11)

For thefirst medium(1), onecanperforma Taylorseriesexpansionof 1(cd C;- around1Ecd ,1 cd C;-  e1 cd N Z�� � 1Ecd� � � �[Z���	 �8 � � 1Ecd� � �f�Pghg=g (12)

Solvingfor thesecondderivativeof 1 with respectto � ,� � 1 -� � �  N 8�[Z���	 �!i 1 - N 1 cd C;-=j � 8Z�� � 1 -� � (13)

andsubstitutingbackinto Equation9 resultsin� 1 -� �  N Z��8lk � � 1 -��� �m� 8�Q � � � 1 -��� ��� �� � � � - N � 	 1 - N 8�nZ��$	 �!i 1 - N 1 cd Co-hjqp G (14)

A similar equationcanbeconstructedfor medium2. Equatingthetwo, setting 1 -  r1 �  r1 andsatisfyingthe
secondboundarycondition,Equation11,oneobtains,
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� � 1��� �M� 8�Q � � � 1��� �U� �� ^ �^ - � ^ �Is � � - � ^ -^ � � ��=t 1 N � �� 1 � 8�[Z���	 � ^ �^ - � ^ �us 1 cd Co- N ^ - � ^ �^ � 1 cd � ^ -^ � 1 cdwv - t  2"
(15)

As theequationsbecomemorecomplex, it is helpful to makeuseof additionalvariablesubstitutions.Consider:x `A` 1  8�nZ��$	 � ^ �^ - � ^ �Is 1 cd C;- N ^ - � ^ �^ � 1 cd � ^ -^ � 1 cdyv - t (16)z  ^ �^ - � ^ �us � � - � ^ -^ � � �� t N � (17){  � �� z � x `�` (18)

Thisallowsoneto compactlyexpressEquation15 as� � 1��� �u� 8�Q � � � 1��� � { 1e P" G (19)

Setting
{  � �� �[| � N � 	 andusingthegeneralizedoperatorsdescribedin Section6.2.2of ComputationalOcean

Acoustics,onederives � 1�H�  Q � � �[| N � 	 1 Q � �~}
� � ��� N �X� 1 � (20)

which is thegeneralizedparabolicwaveequationvalid onhorizontalsurfaces.
Continuingalongthederivationsuppliedin Section6.6.2of ComputationalOceanAcoustics,thedifferential

equationshown abovecanbesolvedusingtheCrank-Nicholsonfinite differencescheme,asoutlinedby Leeand
McDanielin 1988.Assuming 1Ec v - N 1(cZ �  Q � �~}$� � ��� N � � 1(c v - � 1(c8 � (21)

onecanrearrangetermsto obtainaniterativeequationk � N Q � � Z �8 } � � �U� N � � p 1 c v -  k � N Q � � Z �8 } � � ��� N � � p 1 c � (22)

andapplya rationalfunctionapproximationof thesquarerootoperator� � ��� ,� � ��� 4�� � � � - �� � � � - � � (23)

which yields�� � N Q � � Z �8 �� � � � � - } z ���$���> W@ �� � � � - } z ���
���> W@ � N �=����� 1 c v -  
�� � N Q � � Z �8 �� � � � � - } z ���$���> W@ �� � � � - } z ���
���> W@ � N �=��!�� 1 c G (24)

Next, assumethat
� � � � - } z ���
���> W@ � is constantacrossZ � , to obtain

k � � � � - z N Q � � Z �8 � � � � N � � 	 � � � - N � - 	�z$� p 1 c v - � �� �� k � - N Q � � Z �8 � � - N � - 	 p x `A` 1 c v -  k � � � � - z N Q � � Z �8 � � � � N � � 	 � � � - N � - 	�z$� p 1 c � �� �� k � - N Q � � Z �8 � � - N � - 	 p x `A` 1 c G (25)
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Oneusesthefollowing shorthandnotationto furthersimplify theexpression:� -  � � � Q � � Z �8 � � � N � � 	 (26)���-  � � N Q � � Z �8 � � � N � � 	 (27)� �  � - � Q � � Z �8 � � - N � - 	 (28)� ��  � - N Q � � Z �8 � � - N � - 	�� (29)

finally yielding

s � �-� �� � z t 1 c v -d � �� �� k 8�nZ��$	 � ^ �^ - � ^ � pS� s 1 c v -d Co- N ^ - � ^ �^ � 1 c v -d � ^ -^ � 1 c v -dyv - t  s � - � � � z� �� t 1 cd � �� �� s � �� �� t k 8�[Z��$	 � ^ �^ - � ^ � p � s 1 cd Co- N ^ - � ^ �^ � 1 cd � ^ -^ � 1 cdyv - t G (30)

Rearrangingterms,onecanwrite this in vectorform as

� � �0���0�
� �� 1 c v -d Co-1 c v -d1 c v -dwv - ��  � �� �� � � �
�� �0�
� �� 1(cd C;-1Ecd1(cdyv - �� � (31)

with �  ^ - � ^ �^ � k � �� �nZ��$	 �8 s � �-� �� t N � p � � �� �nZ��$	 �8 k i � � - N � j � ^ -^ � i � �� N � j�p (32)��  ^ - � ^ �^ � k � �� �nZ��$	 �8 s � -� � t N � p � � �� �[Z���	 �8 k i � � - N � j � ^ -^ � i � �� N � jqp (33)�  ^ -^ � (34)

Equations31 through34 representthe startingpoint for the derived distributions. Marchedthroughrange
anddepth,they expressthepressurefield envelope1 asa functionof therefractive index, � . This representsthe
lastof thebackgroundmaterialfrom ComputationalOceanAcoustics.Wenow proceedwith deriveddistributions.

Derived Distributions

Beforeproceedingfurther, it is usefulto review theconceptof deriveddistributions.Givena randomvariable¡ , with probability densityfunction (PDF) �H¢ �
¡�	 , anda function £¤ ¦¥ ��¡�	 , onewishesto find the probability
densityfunction �H§ � £ 	 of £ .

FromSection5-2 of Papoulis,onemustfirst express¡ asa functionof £ . If the function is not one-to-one,
onemustaccountfor all possiblerootsof ¡ ,£¨ ©¥ ��¡ - 	  g=ghg  ©¥ ��¡�ª«	 (35)

andthenthePDFof £ canbecalculatedfrom� § � £ 	  � ¢ ��¡ - 	___ VV ¢ ¥ �
¡�	 __ ¢ a ¢�¬ ___ �2g=g=g]� � ¢ �
¡Hª«	___ VV ¢ ¥ ��¡�	 __ ¢ a ¢X­ ___ (36)

A few exampleswill illustratetheconcept.
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® £� � ¡ � � : Here, � and
�

arescalardeterministicvariables.Assuming£¨ P¥ ��¡�	 , ¡ is uniquelydetermined
by £ , andvice-versa. ¡ -  £ N �� � £� ¡  � (37)

Applicationof Equation36 yields: � § � £ 	  �¯ � ¯ � ¢ s £ N �� t G (38)® £� K° W¢ W : � � � arescalardeterministicvariables.¡ cantake two valuesgivena particular£ ,¡ -  N �� £ ¡ �  � �� £ (39)� £� ¡ ____ ¢ a ¢ ¬  8� £²±W � £� ¡ ____ ¢ a ¢ W  N 8� £²±W (40)

Substitutionof Equation36 resultsin:�H§ � £ 	  �___ 8 £ ±W ___ �H¢ s N �� £ t � �___ 8 £ ±W ___ �H¢ s �� £ t (41)

For a casewheretherearetwo randomvariables�
¡³� £ 	 andtwo functionsof thesetwo randomvariables,one
canderivea new joint distributionbasedon their joint PDF, � ¢h§ �
¡³� £ 	 . FromPapoulis,given�  P¥ �
¡³� £ 	 �  #´ ��¡ � £ 	�� (42)

onesolvesfor ¡ and £ in termsof � and � . If therelationshipbetweenthetwo pairsof variablesis notone-to-one,
all possibleroots ��¡ ª � £ ª 	 shouldbeconsidered.Thejoint distribution � `Aµ �[�«�)�¶	 canbeexpressedas� `Aµ �
�H�0�¶	  �H¢X§ ��¡ - � £ - 	¯¸· �
¡ - � £ - 	 ¯ �2g=ghgX� �H¢X§ ��¡ ª � £ ª 	¯¹· ��¡ ª � £ ª 	 ¯ � (43)

where
· ��¡³� £ 	 is theJacobianoperator,· �
¡³� £ 	  ________

� �� ¡ � �� £� �� ¡ � �� £ ________  
________
� ¡� � � ¡� �� £� � � £� � ________

C;- G (44)

An examplewill helpillustratetheprocedure.® Given �H¢X§ �
¡³� £ 	 , andthetwo functions�  � ¡ � � £ � � �  ¡ (45)

onewishesto solve for � `Aµ �[�«�)�¶	 . Theequationsareone-to-one,with resultinginverses,¡  � £¨ �� �[� N � � N � 	 G (46)

TheJacobiancanbeeasilyevaluatedas
· �
¡³� £ 	  N � ; theseresultin a deriveddistributionof� `Aµ �
�H�0�¶	  �� � ¢h§ s ��� �� � � N � � N � � t (47)
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® Given � ¢X§ �
¡³� £ 	 , andthetwo functions�  � £ � � ¡ Co- £ � � ¡ C;- �  ¡ (48)

onenotestheequationsareone-to-one,resultingin a singlesetof inverseequations,¡  � £º � N � � Co-� � � � Co- G (49)

Onecanthensolve for theJacobian,� �� ¡  N � ¡ C � £ N � ¡ C � � �� £  � � � ¡ C;-� �� ¡  � � �� £  P" with
· ��¡ � £ 	  ____ N � ¡ C � £ N � ¡ C � � � � ¡ C;-� " ____ (50)· ��¡ � £ 	  __ � � � ¡ Co- __ G (51)

Thusthederiveddistributionbecomes� `Aµ �[�«�)�¶	  � ¢X§ } ��� ` C � µ�» ¬° v³¼ µ » ¬ �¯ � � � � C;- ¯ G (52)® Given � ¢X§ �
¡³� £ 	 , andthetwo independentfunctions,�  � � ¡ C � �  � � £ C � � (53)

solve for � `Aµ �
�H�0�¶	 . Theseequationsarenotone-to-one,with four differentrootsas¡  #½ �� � £º ¾½ �� � � (54)

andtheJacobianevaluatedto be
· ��¡ � £ 	  P¿ �$À ¡ C�Á £ C�Á , resultingin

� `�µ �[�«�)�¶	  �¿ � À _____ s �� � t Á s �� � t Á _____� k �H¢X§ s N �� � � N �� � t � �H¢X§ s N �� � � �� � t � ��¢h§ s �� � � N �� � t � ��¢h§ s �� � � �� � t p G (55)

With thisbackgroundinformationit is possibleto derivethePDFof theoutputpressurefield, �Â� � � 	 , giventhe
PDFof theinput soundvelocityprofile ��� � � 	 , in thetrivial isovelocitycase.

Trivial Isovelocity Case

In thissimplifiedcase,theenvironmentis takento berange-independent:^ - �0^ � areconstants,asis thesound
speed,�� &� -  m� � and �  � -  � � . The top andbottompressureenvelopes,1Ecd Co- and 1(cdyv - areknown and
constantfor all

�
(and Ã ). Oneassumestheinitial field envelope,1 �d andits distribution, � Y @ � 1 �d 	 is known, and

is independentof thesoundspeeddistribution, � � � � 	 .
Startingwith the input soundvelocity PDF � � � � 	 onewishesto find the PDF for the outputpressure� at a

point in themiddleof thewatercolumn.
Thefirst stepis to expressthePDFof therefractive index, � ªo� � 	 , asa functionof � � � � 	 . Therefractive index

is relatedto thesoundspeedby:

6



m m+1 m+2

∆ z

∆ z

∆ r ∆ r

1c ρ1

2c

ψ

ψ ψ

ψ

ψ ψ

ψ

ψm

m

mψ

l l l

m+1

m+1

m+1

l-1l-1 l-1

l+1l+1l+1

m+2

m+2

m+2

l-1

l

l+1 r

z

ρ2

Figure2: Plot of finite differencecell for trivial isovelocitycase.Here, �Ä #� -  #� � .� �  � ��� � � (56)

with � � a referencesoundspeed.UsingEquation41,with � � in placeof £ , � � as � , and � as ¡ ,� ª W � � � 	  � �8 � � � 	 ±W k � � s N � �� � � t � � � s � � �� � � t p G (57)

RecallingEquations31 through34,wewill assume� -  � �  � , andrewrite Equation32 as�  ^ - � ^ �^ � k � �� �nZ��$	 �8 s � �-� �� t N � p � � �� �nZ��$	 �8 k i � � - N � j � ^ -^ � i � �� N � j�p ^ - � ^ �^ � k � �� �nZ��$	 �8 s � �-� �� t N � p � � �� �nZ��$	 �8 k s � � ^ -^ � t i � � N � jqp ^ - � ^ �^ � k � �� �nZ��$	 �8 s � �-� �� t N � p N � �� �nZ��$	 �8 s � � ^ -^ � t � � �� �[Z���	 �8 � � (58)

Substituting Å  � �� �nZ��$	 �8 (59)Æ  ^ - � ^ �^ � k � �� �nZ��$	 �8 s � �-� �� t N � p N � �� �nZ��$	 �8 s � � ^ -^ � t (60)

yields �  Å � � � Æ (61)

Applicationof Equation38 gives�HÇ ���o	  �Å � ª W s � N ÆÅ t 8� �� �[Z���	 � } � �7È ¬È W � � � ª W �� � N È ¬
v È WÈ W É > W@ +wÊ ` / W� } µ³Ë¬µ ËW � N �=Ì � > W@ +?Ê ` / W� } � ��È ¬È W �> W@ +?Ê ` / W� } � ��È ¬È W � ��

(62)
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A similarPDFcanbeconstructedfor �� by substituting� - for � �- and � � for � �� . However, this resultsin two
correlatedvariablesin Equation31, increasingthe complexity uneccessarily. Instead,it is betterto rewrite �� in
termsof � . Assuming: Æ  ^ - � ^ �^ � k � �� �[Z���	 �8 s � �-� �� t N � p N � �� �[Z���	 �8 s � � ^ -^ � t (63)�Æ  ^ - � ^ �^ � k � �� �[Z���	 �8 s � -� � t N � p N � �� �nZÍ��	 �8 s � � ^ -^ � t (64)

with �  Å � � � Æ (65)��  Å � � � �Æ
(66)Z Æ  �Æ N Æ
(67)

so ��  � � Z Æ (68)

Rewriting Equation31 to take advantageof Z Æ ,

� � �0���0�
� �� 1 c v -d C;-1 c v -d1 c v -dyv - ��  � �� �� � � �0� � Z Æ �0�
� �� 1 cd C;-1Ecd1Ecdwv - �� � (69)

andisolatingtheunknowns 1 c v -d and � ,1 c v -d  � �� �� 1 cd � ��¤Î � �� ��ÐÏ 1 cd C;- � Z Æ 1 cd � � 1 cdyv -�Ñ N 1 c v -d Co- N � 1 c v -dyv -PÒ � �� �� 1 cd � �� Z Æ 1 cd � ��UÎ � �� �� Ï 1 cd C;- � � 1 cdyv -�Ñ N Ï 1 c v -d C;- � � 1 c v -dyv - Ñ Ò (70)

Substitutingthevariables Ó  � �� �� (71)Ô  Z Æ (72)Õ  � �� ��uÏ 1 cd C;- � � 1 cdyv -�Ñ N Ï 1 c v -d Co- � � 1 c v -dyv - Ñ (73)

into Equation70 gives 1 c v -d  Ó 1 cd � �� Ô 1 cd � �� Õ G (74)

Applicationof Equation52 yieldsthederiveddistribution� Ç
Ö YÂ×³Ø ¬Ù ����� 1 c v -d 	  � Ç
Ö Y ×Ù ����� 1(cd 	 } ��� YÂ× Ø ¬Ù CHÚ Ç » ¬Û v;Ü Ç » ¬ �¯ Ó � Ô � C;- ¯ G (75)

Onceonereachesthedesiredrange
�

(iteration Ã ), onecancalculatethemarginaldistributionof 1 c v -d ,� Y ×³Ø ¬Ù � 1 c v -d 	  ÞÝ v³ßC ß � ÇàÖ Y ×³Ø ¬Ù ����� 1 c v -d 	�á
� G (76)

The final stepexpressesthe complex pressurefield, � asa function of the envelope, 1 . Using the far-field
Hankel approximation,
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� � � ���$	  1 � � �)��	� �â:]ã +.> @ B=C D ä / (77)

with Equation38 gives � � � � 	  � � � � Y } � � : C ã +.> @ B=C D ä / � � G (78)

Two speed case

The logical extensionto the isovelocity caseis onewherethe soundspeeds� - and � � differ. To model the
effect on thepressurefield envelope 1Ecd , onewould needto know the joint PDFof the two soundspeedlayers,� ��¬0� W � � - � � � 	 .The first stepwould be to calculatethe joint PDF of � ª ¬ ª W � � � - � � �� 	 in termsof � ��¬�� W � � - � � � 	 . Recall the
relationshipbetween� � and � is � �  � � � 'R� 	 � , where � � is a known referencesoundspeed.UsingEquation55
with �  #� � �)¡  P� - � £º 2� � �)�  � � - , and �  � �� , onecalculates:� ª ¬ ª W � � � - � � �� 	  � ��¿æå �� � � - � �� 	 ±Woç� å ��� ¬ � W J N � �� � � - � N � �� � �� L � ��� ¬ � W J N � �� � � - � � �� � �� L� � ��¬0� W J � �� � � - � N � �� � �� L � � ��¬�� W J � �� � � - � � �� � �� L ç G (79)

Integratingthiswith theisovelocityderivation,thenext stepis to find thePDF ��Ç �
��	 in termsof thejoint PDF� ª ¬ ª W � � - � � � 	 . Startingwith Equation32,andisolating � � � - and � � ,�  ^ - � ^ �^ � k � �� �[Z��$	 �8 s � �-� �� t N � p � � �� �[Z��$	 �8 k � � � - N � 	 � ^ -^ � i � �� N � j p ^ - � ^ �^ � k � �� �[Z��$	 �8 s � �-� �� N � t N � p � � �� �nZÍ��	 �8 � � - � � �� �nZÍ��	 �8 ^ -^ � � �� (80)

Setting Å -  � �� �[Z��$	 �8 (81)Å �  � �� �[Z��$	 �8 ^ -^ � (82)Æ  ^ - � ^ �^ � k � �� �nZ��$	 �8 s � �-� �� N � t N � p (83)

onecanrewrite Equation80 as �  Å - � � - � Å � � �� � Æ G (84)

Applicationof Equation47 with �  Å - , �  Å � , �Ä Æ , ¡  � � - , £º � �� , and �  � , onefinds�HÇ ª ¬ �
� � � � - 	  �Å � � ª ¬ ª W � � � - � � �� 	 s � � - � �Å � Ï � N Å - � � - N Æ Ñ t G (85)

Themarginaldistribution ��Ç �
��	 canbecalculatedby integratingwith respectto � � - ,
9



� Ç ���o	  �Å � Ý v³ßC ß � Ç ª ¬ ����� � 	 s � � �Å � � � N Å - � N Æ � t á � G (86)

The derivation would follow the isovelocity case,continuingwith Equation67, except
Æ

and
�Æ

would be
definedas Æ  ^ - � ^ �^ � k � �� �nZÍ��	 �8 s � �-� �� N � t N � p (87)�Æ  ^ - � ^ �^ � k � �� �nZÍ��	 �8 s � -� � N � t N � p G (88)è

mesh points

Increasingthenumberof verticalmeshpointsallows oneto improve theresolutionandaccuracy of both the
simulatedpressurefield andthederivedstatistics.
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Figure3: Plot of finite differencecellsfor 5 meshpoints.

Figure3 illustratesthe
è

verticalmeshpoint casewith five points. Thefirst row of points, 1Ec- , is assumed
deterministicand known. This representsthe air-water boundary. Additionally, the environmentis assumed
range-independent;the statisticsof � d do not vary with range.Density, ^�é is assumedknown anddeterministic.
Theenvironmentcanbeany numberof meshpoints;it is limited to fiveherefor brevity.

With theparabolicequationmethod,onestepsthroughrange,solvingfor thepressurefield envelopeat each
meshpoint. Solvingfor thePDFis similar; onerecursively derivesthejoint PDFfor eachrangeanddepthpoint,
marchingin range.Everyattemptwasmadeto keeptheresultingexpressionsassimpleaspossible.Unfortunately,
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therecursivenatureof thesolutiondoesnot lenditself to aclosedform expression.Instead,usingtheseequations
to numericallyevaluatethePDFis recommended.

We startassumingthejoint PDFof thesoundspeedprofile, �«ê �
ë$	 is known. Oneusestherelationshipì d  � �d  � ��� �d (89)

to calculatethejoint PDFof ��í �nìÂ	 . Usingtheformulafor deriveddistribution,� í �nìÂ	  � ê �[ë
	¯¸· �
ë$	 ¯ � (90)

onemustcalculatetherootsof Equation89andtheJacobianë . Therootscanbecalculatedfor eachelementof ì
as: � d  ¾½ � �� ì d (91)

The ½ termis problematic,asit shows therelationshipbetweenthetwo equationsis not one-to-one.Rather,
onemustincludebothtermswhenexpressingthedistribution. TakingtheJacobianfirst,

· �
ë$	  _____________
� ì -� � - g=ghg � ì -� �qî

...
. . .

...� ì î� � - g=ghg � ì î� � î
_____________
 _______

N 8 � � � C�Á- "
. . ." N 8 � � � C�Áî _______ � N 8 � � 	 î îïd a - � C�Ád (92)

Substitutionof Equation91,andtakingthemagnitudeof theresultgives¯¸· �
ë
	 ¯  8 î � C � î� îïd a - ì ÁAð �d G (93)

Evaluationof Equation90 requiressummationover 8 î terms,��í �[ìÂ	  ��ñòc a - � � �nó c 	8 î � C � î� ô îd a - ì ÁAð �d (94)

where: ó c  #� � � �õõ� ½ ì C;-0ð �- ...½ ì C;-0ð �î �yöö� �
andthesignof eachelementin ó c is determinedby thebinaryvalueof Ã , with eachbinarydigit assignedto its
correspondingelementof ó c .

Thesecondstepis to solve for thejoint PDFof ��÷ �
øù	 given � í �[ìÂ	 . Recall� d  ^ d Co- � ^ d^ d k � �� �[Z���	 �8 s � �-� �� t N � p � � �� �nZÍ��	 �8 k �nì d C;- N � 	 � ^ d C;-^ d �nì d N � 	 p (95)

canbeexpressedas � d  Å ì d Co- � Æ d ì d �,ú d (96)
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with theappropriatesubstitutions.Usingthederiveddistributionapproachoutlinedabove,theJacobianevaluates
as · �[ìÂ	  îïd a - Æ d G (97)

Inversionof Equation95 to solve for therootsof ì d givesì d  �Æ d � � d N Å ì d Co- N ú d � G (98)

Thisequationrequiresonesolvesfor ì d recursively. Onecanassumeì � is aknown deterministicvalue.With this
information,onecanexpressthePDFof � ÷ �[ø�	 as��÷ �
øù	  � í �[ìÂ	___ ô îd a - Æ d ___ � (99)

with theelementsof ì determinedby Equation98.
With thePDFof ø , onecancalculatetheiterativePDFfor thepressurefield envelope,û . Onestartsassuming

the joint PDFfor thepreviousrangestepis known. Letting ûüc¦ � ý c� ý cÁ g=ghg ý cî �.þ and ø  � � - � � ghg=g � î �.þ ,
onecanassumethejoint PDFof thesetwo randomvectorsis known: �Hÿ;Ç � ûüc �)øù	 . At thesource,thePDFof ø
and ý � areassumedto beindependent;this resultsin their initial joint PDFto be� ÿ;Ç � û � �)øù	  ¤� ÿ � û � 	 � Ç �
øù	 G (100)

Calculationof the pressurefield envelopevector, ûüc v - is performedby solving the systemof tridiagonal
matrices, �õõõõõõõõõ�

� - � -� � � � �� � Á � Á. . .
. . .

. . .� � î C � � î C �� � î Co- � î Co-� � î
� ööööööööö�
�õõõõõõõõõ�

1 -1 �1 Á...1 î C �1 î Co-1 î
� ööööööööö�
c v -

 ��
�õõõõõõõõõ�
�� - � -� �� � � �� �� Á � Á. . .

. . .
. . .� �� î C � � î C �� �� î Co- � î Co-� �� î

� ööööööööö�
�õõõõõõõõõ�

1 -1 �1 Á...1 î C �1 î C;-1 î
� ööööööööö�
c � (101)

where:

�  � �� �� (102)�� d  � d N ZÍ� d (103)ZÍ� d  ^ d Co- � ^ d^ d � �� �nZÍ��	 �8 k � �-� �� N � -� � p (104)

and � d  ^ d Co-^ d G (105)
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Evaluationof thetridiagonalsystemis straightforward.As thetop layer 1 c v -- is assumedknown,subsequent
layers,startingwith 1 c v -� canbecalculated,1 c v -�  N � -� - 1 c v -- � � �� -� - 1 c- � ��1 c� (106)1 c v -Á  N �� � 1 c v -- N � �� � 1 c v -� � �� � 1 c- � � �� �� � 1 c� � ��1 cÁ (107)1 c v -À  N �� Á 1 c v -� N � Á� Á 1 c v -Á � �� Á 1 c� � � �� Á� Á 1 cÁ � ��1 cÀ (108)

...1 c v -d  N �� d Co- 1 c v -d C � N � d Co-� d Co- 1 c v -d C;- � �� d Co- 1 cd C � � � �� d Co-� d Co- 1 cd C;- � ��1 cd G (109)

With this informationa deriveddistributioncanbecalculated.Thesetof equationscanbeexpressedin using
partitionedvectors,

�  �� ���³	 (110)

with û�cr � 1Ec� 1EcÁ g=ghg 1Ecî � þ ,

�  k ûüc v -ø p and �  k ûücø p (111)

and � ���³	 utilizesEquations106through109.Thederiveddistribution takestheform:� § ����	  � ¢ ���³	¯¸· ���³	 ¯ (112)

where
· ���³	 is theJacobianoperator, evaluatedas· ���³	  __________

� ¥ -� ¡ - g=ghg � ¥ -� ¡ ª
...

. . .
...� ¥ ª� ¡ - g=ghg � ¥ ª� ¡Hª __________ G (113)

To evaluatethederiveddistribution,onemustsolvebothEquation113and �  �� Co- ��� 	 for Equation112. In
theexample5 meshpoint case,theJacobiancanbeexpressedas
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· s k ûücø p t  

____________________________________________

� 1 c v -�� 1 c� � 1 c v -�� 1 cÁ � 1 c v -�� 1 cÀ � 1 c v -�� 1 c� � 1 c v -�� � - � 1 c v -�� � � � 1 c v -�� � Á � 1 c v -�� � À � 1 c v -�� � �� 1 c v -Á� 1 c� � 1 c v -Á� 1 cÁ � 1 c v -Á� 1 cÀ � 1 c v -Á� 1 c� � 1 c v -Á� � - � 1 c v -Á� � � � 1 c v -Á� � Á � 1 c v -Á� � À � 1 c v -Á� � �� 1 c v -À� 1 c� � 1 c v -À� 1 cÁ � 1 c v -À� 1 cÀ � 1 c v -À� 1 c� � 1 c v -À� � - � 1 c v -À� � � � 1 c v -À� � Á � 1 c v -À� � À � 1 c v -À� � �� 1 c v -�� 1 c� � 1 c v -�� 1 cÁ � 1 c v -�� 1 cÀ � 1 c v -�� 1 c� � 1 c v -�� � - � 1 c v -�� � � � 1 c v -�� � Á � 1 c v -�� � À � 1 c v -�� � �� � -� 1 c� � � -� 1 cÁ � � -� 1 cÀ � � -� 1 c� � � -� � - � � -� � � � � -� � Á � � -� � À � � -� � �� � �� 1 c� � � �� 1 cÁ � � �� 1 cÀ � � �� 1 c� � � �� � - � � �� � � � � �� � Á � � �� � À � � �� � �� � Á� 1 c� � � Á� 1 cÁ � � Á� 1 cÀ � � Á� 1 c� � � Á� � - � � Á� � � � � Á� � Á � � Á� � À � � Á� � �� � À� 1 c� � � À� 1 cÁ � � À� 1 cÀ � � À� 1 c� � � À� � À � � À� � � � � À� � Á � � À� � À � � À� � �� � �� 1 c� � � �� 1 cÁ � � �� 1 cÀ � � �� 1 c� � � �� � - � � �� � � � � �� � Á � � �� � À � � �� � �

____________________________________________(114)
which evaluatesas

· s k û cø p t  
____________________________________

� " " "
	 - " " " "
� �� �� � � " " " 	 � " " "
�� Á � �� Á� Á � " " " 	 Á " "" �� À � �� À� À � " " " 	 À "" " " " � " " " "" " " " " � " " "" " " " " " � " "" " " " " " " � "" " " " " " " " �

____________________________________

� (115)

where: 	 d  �� d 1 c v -d � �� d 1 cd G (116)

Onecandivide thematrix up to solve for its determinant,usingtheidentity¯ �¶¯  det Ï �
��� N �
����� C ���� ����� Ñ det � ����� � (117)

�  k � ��� � ���� ��� � ��� p (118)
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�
���  
�õõõõõõõõõõõ�

� " " "
� �� �� � � " "
�� Á � �� Á� Á � "" �� À � �� À� À �

�yööööööööööö� �
���  
�õõõõõõõõ� 	 - " " " "" 	 � " " "" " 	 Á " "" " " 	 À "

�yöööööööö�
�����  �� �����  ��

(119)

Thedeterminantof triangularmatrix
�
���

is theproductof its diagonalelements.In thisexample,thedeterminant
evaluatesto � À . For themoregeneralcasewith � meshpoints,onefinds· s k û cø p t  �� î Co- (120)

SolvingEquation113and �  �� Co- ��� 	 requiresoneto express1Ecd in termsof 1 c v -d , usingthe tridiagonal
systemof Equation101:1 c�  � -� � - 1 c v -- � �

� 1 c v -� N �� -� - 1 c- (121)1 cÁ  �
� � � 1 c v -- � � �

� � � 1 c v -� � �
� 1 c v -Á N �� � 1 c- N �� �� � 1 c� (122)1 cÀ  �

� � Á 1 c v -� � � Á� � Á 1 c v -Á � �
� 1 c v -À N �� Á 1 c� N �� Á� Á 1 cÁ (123)

...1 cd  �
� � d C;- 1 c v -d C � � � d Co-� � d Co- 1 c v -d Co- � �

� 1 c v -d N �� d C;- 1 cd C � N �� d C;-� d C;- 1 cd Co- (124)

With this information,a recursiveexpressioncanbeestablishedfor thederivedjoint PDF.

Giventhejoint PDF ���E÷ � ûüc �)øù	 , onecansolve for thejoint PDF ���E÷ � ûüc v - �)øù	 :���5÷ � û c v - ��ø�	  �¯ � î Co- ¯ ���E÷ ���!��ø�	q� (125)

where � is a columnvectorwith entries8! é  � which satisfy

" d  #$$% $$&
� -� � - 1 c v -- � �

� 1 c v -� N �� -� - 1 c- for é  8�
� � d Co- 1 c v -d C � � � d C;-� � d C;- 1 c v -d C;- � �

� 1 c v -d N �� d Co- " d C � N �� d Co-� d C;- " d Co- 8(' é  � G (126)

ThemarginalPDF ��� � û 	 canbesolvedby integratingacrossø :��� � û 	  Ý ßC ß g=g=g Ý ßC ß ���5÷ � û �)øù	 á
ø G (127)

Computational Complexity

The relationsgiven in this documentallows one to calculatethe joint PDF of the pressurefield envelope,�Hÿ � ý 	 at any rangeanddepth,givena rangeindependentenvironmentanda depthvarying,randomsoundspeed
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profile ë with PDF, �Hê �[ë
	 G Thesimplicity of theFD/FEapproachandtheresultingequationshide thecomputa-
tional complexity requiredin evaluation.

Considerthedimensionalityof ���E÷ � û ��ø�	 . If oneuses� meshpoints,thePDFwouldhave 8 � N � dimensions.
Oneobjective of solving for ��� � û 	 is to calculatethe its covariancematrix, )Eÿ . The covariancematrix has� � � N � 	 ' 8 uniqueentries,eachof whichmustbederivedfrom amarginaljoint PDF. Onewouldneedto integrate���E÷ � û ��ø�	 8 � N+* timesto yield themarginal joint PDF, andthenintegratetwicemoreto evaluatethecovariance
matrix entry. To fill )(ÿ would require � � � N � 	q� 8 � N � 	 ' 8 integrations.Assumingeachintegrationacrossthe
PDFspacerequiresevaluating���E÷ � û �)øù	 at � differentpoints,thetotalnumberof timestheseexpressionswould
be evaluatedwould approach� À . For an environmentrequiring500meshpointsanda computationalplatform
which canevaluatethePDF100,000timeseachsecond,this wouldamountto over170hoursof CPUtime.

Stepscan be taken to reducethe overall complexity. For example,one could assumethe PDF of ì were
jointly Gaussian.The relationshipbetweenì and ø is linear, which would also be Gaussian.Unfortunately,
Equations106 through109,which relate ý to ø arenonlinear, since 1 and � aremultiplied togetherin several
terms. Thusthe output 1 cannotexplicitly be calledGaussian.As range(and Ã ) increases,the CentralLimit
Theoremwould likely take a role, makingthefinal envelopestatistics��ÿ � û 	 Gaussianin nature.Givencurrent
computationalcapabilities,it would bebeneficialto investigatehow thesecondmomentsof ý propagatethrough
range,ratherthanits entirePDF.
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